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Finding algebro-geometric descriptions of the
Calogero-Moser and Ruijsenaars-Schneider systems

Find a description of the CM and RS phase space as a moduli
space of “spectral data” (curves & line bundles).

In a spectral description the phase space is naturally in
action-angle coordinates.

This geometric description has the benefit of allowing for a
uniform treatment of spin and non-spin RS systems.

One also gets a completed description of the phase space,
which allows for Hamiltonian flows to flow through collisions
of particles.

The goal of this project is to find an algebro-geometric
description of the RS phase space similar to the description of
the CM system obtained by Ben-Zvi and Nevins in
arXiv:math/0603722.



The CM system, classically...

The CM Hamiltonian is given by

HCM =
N∑
i

p2
i

2m
+ g2

N∑
i 6=j

f (qi − qj)

where

f (x) =


1/x2 rational

1/ sin x2 trigonometric

℘(x) elliptic

Particles moving on C,C∗,E (equivalently on cubic curves
Ecusp,Enode ,Esm)
A geometric perspective on the CM system is given in terms of
spectral curves of the integrable systems: Krichever, and Donagi.



Spectral curves of the CM system

Bring the CM system into Lax form with Lax matrix (with spectral
parameter z)

Li ,j(z) = piδi ,j + g(1− δi ,j)(f (z)1/2 − f (qj − qi )
1/2)

The spectral curves of the CM system are given by the vanishing
locus Σ̃ = {h(w , z) = det(w · In − L(z)) = 0}.
Get a line bundle L on Σ̃ by considering coker L(z) on Σ̃.
L ∈ Pic(Σ̃), an algebraic torus.
The pair (Σ̃,L ) can be thought of as a geometric form of
action-angle coordinates in the Liouville integrability sense.



Geometric description for spectral curves

Following the work of Krichever and Donagi, Ben-Zvi and Nevins
treated the full CM system algebro-geometrically.
Let E be a cubic curve, and b ∈ E sm a basepoint that defines an
isomorphism E ∼= Pic0E .
Let A be the Atiyah bundle on E , and Ē ] = Proj(A).

Define CMn(E ) to be the moduli space of pairs (Σ̃,L ) where Σ̃ is

a curve in E
]

which is an n-fold cover of E and L is a line bundle
on Σ̃.

Theorem (David Ben-Zvi, Tom Nevins)

There is a commuting set of flows on CMn(E ) called tweaking
flows and an open embedding of the CM phase space into CMn(E )
which intertwine the tweaking flows with CM Hamiltonian flows.



Picture of the CM spectral curves
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Remarks on the theorem

1 The full statement is more general:

CMn(E ) is Poisson, and the subspace of pairs where Σ̃ has
fixed intersection profile with E∞ is a symplectic leaf.
The space CMn(E ) is more precisely the moduli space of

spectral sheaves F with supp F = Σ̃.
Describes the spin CM system by considering framed spectral
sheaves, F |E∞

∼= V , V a torsion sheaf on E∞.

2 The tweaking flows are defined by modifying the local

trivializations of L at p∞ ∈ Σ̃ ∩ E∞.

Choose a coordinate z on Σ̃ near p∞, and let ξ ∈ H = C((z)).
The tweaking flow is defined by modifying the transition
function between Lp∞ and LU by the function 1 + ε · ξ.

(U = Σ̃ \ p∞)



A compelling calculation

Restrict to the locus of spectral sheaves so that

E = p∗F = ⊕n
i O(qi − b)

The action of OĒ ] on F descends to a map

φ : E −→ E(b)

The (i , j) component of φ corresponds to a map between
O(qj − b)→ O(qi ).

Hom(O(qj − b),O(qi )) = H0(E ,O(−(qj − qi ) + b))

Functions with pole at 0 and zero at (qj − qi ): 1/z − 1/(qj − qi ).
Obtain CM Lax matrix, need to check tweaking flows on F give
correct CM flows.



The Ruijsenaars-Schneider system

The Ruijsenaars-Schneider (RS) hamiltonian is given by:

H = mc2
N∑
i=1

cosh(pi/2m)
N∏
k 6=j

g(xj − xk)

where

g(x)2 =


1 + β/x2 rational

1 + γ/ sin(x)2 trigonometric

ν + µ℘(x) elliptic

(β, γ, ν, µ physical constants depending on c)
The RS system can be viewed as a relativistic analogue of the CM
system, in fact

HCM = lim
c→∞

HRS − Nmc2

The RS system is integrable, with a Lax matrix introduced by
Ruijsenaars and Schneider so that H = TrL + TrL−1.



Spectral description of the RS system

Same setup as for the CM system: A cubic curve E, b ∈ E sm. Now
let σ ∈ Pic0(E ) ∼= E correspond to the line bundle Lσ = O(σ − b).
Let Sσ = Proj(Lσ ⊕OE ).
This time Sσ has two sections: E∞ and E0. So we can decompose
Sσ as:

Sσ = S0
σ ∪ E∞ = E0 ∪ S∞σ



Picture of components of Sσ
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Picture of components of Sσ
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Spectral description of the RS system

Same setup as for the CM system: A cubic curve E, b ∈ E sm. Now
let σ ∈ Pic0(E ) ∼= E correspond to the line bundle Lσ = O(σ − b).
Let Sσ = Proj(Lσ ⊕OE ). This time Sσ has two sections: E∞ and
E0. So we can decompose Sσ as:

Sσ = S0
σ ∪ E∞ = E0 ∪ S∞σ

Now define RSσ,n(E ) as the moduli space of pairs (Σ̃,L ), with Σ̃
being an n-fold cover of E in the space Sσ together with a line
bundle L ∈ Pic(Σ̃).

Theorem (P.)

There are a commuting set of tweaking flows on RSσ,n(E ), and an
open embedding of the RS phase space into RSn,σ(E ) which
intertwine the tweaking flows with RS Hamiltonian flows.



Picture of RS spectral curves
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Sketch of proof

The proof has 3 main steps

1 Give a Hitchin description of the moduli space RSσ,n(E ) in
terms of a vector bundle on E with Higgs fields η0, η∞.

Remark

Repeat the usual spectral curves calculation on the A1 bundles S0
σ

and S∞σ to get the fields η0 and η∞, and show they are related by
the formula η0(z) = η−1

∞ (z + n(σ − b)).



Sketch of proof, continued...

2 Repeat the “compelling calculation” and realize the RS Lax
matrix as a combination of the Higgs fields, and define a map
to a Hitchin base with given by traces of powers of the RS
Lax matrix.

Remark

The Lax matrix is given by the composition (η0 ◦ η∞)(z). Relies on
some old and new determinant formulas of θ-functions known to
Frobenius (old) for elliptic Cauchy matrices, and Hasegawa (new)
in the study of intertwining vectors.



Sketch of proof, continued...

3 Define the commuting set of tweaking flows on RSσ,n(E ) and
show that they are simultaneously isospectral flows of the Lax
matrix and flows defined by the Hitchin fibration.

Remark

Flows are defined as tweaking along p∞. Can equivalently have
defined it along p0 as the two sets of flows define equivalent
conserved quantities.



The 2D Toda - RS correspondence

The original motivation for the results of David and Tom for the
CM system came from their efforts to prove the KP-CM
correspondence via a non-commutative Fourier-Mukai transform
for D-modules.
From the perspective of the Hitchin description of the RS system,
a näıve application of the non-commutative Fourier-Mukai
transform transports the S•(OE ⊕ Lσ)-module L into a torsion
sheaf on E together with a shift by ±(σ − b).

1 Find a geometric description of the RS phase space in terms
of a moduli of spectral sheaves. X

2 Find a geometric descirption of the 2D-Toda hierarchy in
terms of (micro-)difference modules on E .

3 Construct a non-commutative Fourier-Mukai transform that
exchanges the moduli spaces and preserves Hamiltonian flows.



Other interesting questions
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CM

Dual RS DELL?

1 A similar spectral description of the DELL system? (G.
Aminov, H. Braden, A. Mironov, A. Morozov, A. Zotov)

2 Quantizations? Cherednik algebras, DAHA, and their
polynomial representations.



Thanks!

Thank you for your attention!


